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A vanishing theorem for elliptic genera under a Ricci curvature
bound
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Abstract
We show that given n ∈ N and positive numbers p, λ1, λ2 with p > 2n, there exists
some ǫ = ǫ(p, n, λ1, λ2) > 0 such that if a compact 4n-dimensional spin Rimannian manifold
(M, g) satisfies −λ1 ≤ Ric(g) ≤ ǫ, diam(g) ≤ 1, 1V (g)
∫
M
|ℜg|pdV ≤ λ2 and has infinite
isometry group, then the elliptic genera of M vanish. This extends our simple observation
that a compact 4n-dimensional spin Rimannian manifold with nonpositive Ricci curvature
and infinite isometry group has vanishing elliptic genera. To the author’s best knowledge,
it is the first time in the literature that the elliptic genera are shown to vanish based on
curvature assumptions and analytic methods.
1 Introduction
The purpose of this paper is to prove a vanishing theorem for elliptic genera under certain
Ricci curvature bound. We start from the following simple lemma:
Lemma 1.1. Let (M,g) be a compact 4n-dimensional spin Rimannian manifold with nonpositive
Ricci curvature and infinite isometry group, then the elliptic genera of M vanish.
Proof. Since the isometry group of (M,g) is infinite, M admits a nontrivial isometric circle
action which gives a nonzero Killing vector field X. By a well known theorem of Bochner (page
191 in [53]), any Killing vector field on a compact Riemannian manifold (M,g) with nonpositive
Ricci curvature is parallel. It follows that X is nowhere vanishing and soM admits a circle action
without fixed points. IfM is spin, then by the the analytic interpretation of elliptic genera (1.7),
(1.8) and the Atiyah-Bott-Segal-Singer Lefchetz fixed point theorem, M has vanishing elliptic
genera.
Remark 1. In the above lemma, the spin condition can actually be removed. This can be shown
by combining the curvature expression of elliptic genera (1.12) and (1.13), the Bott residue the-
orem ([8], c.f. page 35 in [65]) and the fixed point free property obtained in the above proof.
However in the following theorem and corollaries, which assume a much weaker curvature con-
dition, the spin condition is indispensable to employ the analytic tools as well as the rigidity of
elliptic genera.
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By a theorem of Lohkamp [50], any compact manifold admits a Riemannian metric with
negative Ricci curvature. Hence the assumption in Lemma 1.1 that (M,g) has infinite isometry
group is essential. In this paper we show that the same conclusion in Lemma 1.1 still holds for
compact spin manifolds under a much weaker curvature assumption.
Let (M,g) be a compact 4n-dimensional spin Rimannian manifold and Ric(g) /ℜg be the
Ricci curvature and Riemannian curvature tensor of g, respectively. Let diam(g) be the diameter
of g and V (g) be the volume of g. Then we have the following
Theorem 1.2. Given n ∈ N and positive numbers p, λ1, λ2 with p > 2n, there exists some
ǫ = ǫ(p, n, λ1, λ2) > 0 such that if a compact 4n-dimensional spin Rimannian manifold (M,g)
satisfies −λ1 ≤ Ric(g) ≤ ǫ, diam(g) ≤ 1, 1V (g)
∫
M |ℜg|pdV ≤ λ2 and has infinite isometry group,
then the elliptic genera of M vanish.
A famous theorem of Bochner asserts that the isometry group of a compact manifold with
negative Ricci curvature is finite (page 191 in [53]). Theorem 1.2 shows that a compact 4n-
dimensional spin Riemannian manifold with nonzero elliptic genera and satisfying the curvature
assumptions in Theorem 1.2 must have finite isometry group. Hence Theorem 1.2 can be also
viewed as an extension of Bochner’s theorem.
Example 1. Let M4 = S1 ×X3, where X3 is a co-compact quotient of the three dimensional
Heisenberg group. M4 admits a sequence of Riemannian metrics gi with infinite isometry group
and the absolute value of its sectional curvature ≤ 1i and diameter ≤ 1 ([24]). Then for any
p > 2, λ1, λ2 > 0, there exists some large i such that (M
4, gi) satisfies the curvature assumptions
in Theorem 1.2. However, gi does not have nonpositive Ricci curvature.
The geometry and topology of Riemannian manifolds with bounded diameter and certain
curvature bound (sectional or Ricci curvature) have been studied extensively since 1980’s. See
for example [11, 12, 13, 14, 15, 16, 22, 23, 24, 30, 31, 32, 62, 63]. Integral curvature bounds have
recently been discovered in various geometric situations, such as the L2 bound of the curvature
tensor for noncollapsed manifolds with bounded Ricci curvature, and the (almost) L4 bound
of the Ricci curvature for the Ka¨hler-Ricci flow as well as the (real) Ricci flow (under certain
conditions) [4, 5, 17, 29, 54, 57, 58]. See also [30] for related work on almost Ricci flat manifolds
under certain integral bound of the Riemannian curvature tensor. As the Riemannian curvature
tensor is determined by sectional curvature, Theorem 1.2 implies the following
Corollary 1.3. Given n ∈ N and positive number λ, there exists some ǫ = ǫ(n, λ) > 0 such that
if a compact 4n-dimensional spin Rimannian manifold (M,g) satisfies Ric(g) ≤ ǫ, diam(g) ≤ 1,
sectional curvature ≥ −λ and has infinite isometry group, then the elliptic genera of M vanish.
A similar curvature assumption as in Corollary 1.3 was studied in [22], where the authors
showed that given n ∈ N and positive number λ, there exists some ǫ = ǫ(n, λ) > 0 such that
if a compact n-dimensional Rimannian manifold (M,g) has diameter ≤ 1 and −λ ≤ sectional
curvature ≤ ǫ, then the universal covering of M is diffeomorphic to Rn. In particular, this gives
an affirmative answer to a conjecture of Gromov [25].
As the first elliptic genus Ell1(M) degenerates to the signature ofM (see the following review
of elliptic genera for details), Theorem 1.2 implies the following interesting vanishing theorem
for signature.
Corollary 1.4. Under the assumptions in Theorem 1.2 or Corollary 1.3, the signature of M
vanishes.
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Elliptic genera were first constructed by Ochanine [52] and Landweber-Stong in a topological
way. Witten gave a geometric interpretation of elliptic genera by showing that formally they
are indices of Dirac operators on free loop space [60, 61]. The theory of elliptic genera gives a
connection among the Atiyah-Singer index theory, Kac-Moody affine Lie algebra, modular forms
and quantum field theory. The background and introduction of elliptic genera can be found in
[27, 34].
We now recall some basic facts about elliptic genera. Let M be a 4n dimensional compact
oriented manifold and {±2π√−1zj , 1 ≤ j ≤ 2n} denote the formal Chern roots of TCM , the
complexification of the tangent vector bundle TM .
Let
Aˆ(TM) =
2n∏
j=1
π
√−1zj
sinh(π
√−1zj)
, Lˆ(TM) =
2n∏
j=1
2π
√−1zj
tanh(π
√−1zj)
be the Hirzebruch Aˆ-class and Lˆ-class of M respectively.
Let E be a complex vector bundle. Let ch(E) be the Chern character of E. For any complex
number t, let
Λt(E) = C|M + tE + t2Λ2(E) + · · · , St(E) = C|M + tE + t2S2(E) + · · ·
denote the total exterior and symmetric powers of E respectively, which live in K(M)[[t]] (c.f.
page 117-119 in [1]). The following relations on these two operations hold,
St(E) =
1
Λ−t(E)
, Λt(E − F ) = Λt(E)
Λt(F )
. (1.1)
Denote E˜ = E − CrkE in K(M).
The elliptic genera of M can be defined as (c.f. chap. 6 in [27] and [40])
Ell1(M) =
〈
L̂(TM)ch (Θ (TCM)⊗Θ1 (TCM)) , [M ]
〉
∈ Q[[q]],
Ell2(M) =
〈
Â(TM)ch (Θ (TCM)⊗Θ2 (TCM)) , [M ]
〉
∈ Q[[q 12 ]],
where
Θ(TCM) =
∞⊗
j=1
Sqj(T˜CM), Θ1(TCM) =
∞⊗
j=1
Λqj (T˜CM), Θ2(TCM) =
∞⊗
j=1
Λ−qj− 12 (T˜CM) (1.2)
are the Witten bundles introduced in [61]. One can expand these elements into Fourier series,
Θ (TCM)⊗Θ1 (TCM) = A0(TCM) +A1(TCM)q + · · · = C+ (2TCM − C8n)q + · · · , (1.3)
Θ (TCM)⊗Θ2 (TCM) = B0(TCM) +B1(TCM)q
1
2 + · · · = C− (TCM − C4n)q
1
2 + · · · . (1.4)
Hence we have
Ell1(M) =
〈
L̂(TM), [M ]
〉
+ 2
〈
L̂(TM)ch
(
TCM − C4n
)
, [M ]
〉
q + · · · , (1.5)
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Ell2(M) =
〈
Â(TM), [M ]
〉
−
〈
Â(TM)ch
(
TCM − C4n
)
, [M ]
〉
q
1
2 + · · · (1.6)
and see that Ell1(M) is a q-deformation of σ(M), the signature of M ; and Ell2(M) is a q-
deformation of Aˆ(M), the Aˆ genus of M .
By the Atiyah-Singer index theorem [3], Ell1(M) can be expressed analytically as index of
the twisted signature operator
Ell1(M) = Ind(ds ⊗ (Θ (TCM)⊗Θ1 (TCM))) ∈ Z[[q]], (1.7)
where ds is the signature operator; and furthermore when M is spin, Ell2(M) can be expressed
analytically as index of the twisted Dirac operator,
Ell2(M) = Ind(D ⊗ (Θ (TCM)⊗Θ2 (TCM))) ∈ Z[[q1/2]], (1.8)
where D is the Atiyah-Singer spin Dirac operator on M [61].
Although the definitions of elliptic genera given above depend on the the smooth structure
of M , they are in fact homeomorphism invariants. Actually the elliptic genera can be defined
via Chern root algorithm as (cf. chap.6 in [27] and [40])
Ell1(M) = 2
2n
〈
2n∏
j=1
(
zj
θ′(0, τ)
θ(zj, τ)
θ1(zj , τ)
θ1(0, τ)
)
, [M ]
〉
,
Ell2(M) =
〈
2n∏
j=1
(
zj
θ′(0, τ)
θ(zj, τ)
θ2(zj , τ)
θ2(0, τ)
)
, [M ]
〉
,
with τ ∈ H, the upper half-plane, and q = e2π
√−1τ . Here θ(v, τ), θ1(v, τ) and θ2(v, τ) are the
Jacobi theta functions (c.f. [10]):
θ(v, τ) = 2q1/8 sin(πv)
∞∏
j=1
[(1 − qj)(1− e2π
√−1vqj)(1− e−2π
√−1vqj)], (1.9)
θ1(v, τ) = 2q
1/8 cos(πv)
∞∏
j=1
[(1− qj)(1 + e2π
√−1vqj)(1 + e−2π
√−1vqj)], (1.10)
θ2(v, τ) =
∞∏
j=1
[(1− qj)(1 − e2π
√−1vqj−1/2)(1− e−2π
√−1vqj−1/2)] (1.11)
and θ
′
(0, τ) = ∂∂vθ(v, τ)|v=0. It turns out that the elliptic genera ofM depend only on its rational
Pontryagin classes and therefore are homeomorphism invariants of M by a famous theorem of
Novikov. As the elliptic genera only depend on the rational Pontryagin numbers, they are also
oriented bordism invariants.
By the ChernWeil theory, elliptic genera can also be expressed in terms of curvature. Suppose
∇TM be a connection on TM and RTM = (∇TM )2 be its curvature. One has ([18])
Ell1(M) =
∫
M
det
1
2
(
RTM
2π2
θ′(0, τ)
θ(R
TM
2π2
, τ)
θ1(
RTM
2π2
, τ)
θ1(0, τ)
)
, (1.12)
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Ell2(M) =
∫
M
det
1
2
(
RTM
4π2
θ′(0, τ)
θ(R
TM
4π2
, τ)
θ2(
RTM
4π2
, τ)
θ2(0, τ)
)
. (1.13)
One of the important properties of elliptic genera is modularity. More precisely it can be
shown that Ell1(M) is a modular form of weight 2n over Γ0(2) and Ell2(M) is a modular form
of weight 2n over Γ0(2) and they are modularly related ([64]). See Theorem 2.1 and the proof
of Theorem 2.2 for explanations. The theory of elliptic genera triggers the vast development of
elliptic (co)homology theory [33, 35].
Anther important properties of elliptic genus is rigidity. Let M be a closed smooth manifold
and P be an elliptic operator on M . We assume that a compact connected Lie group G acts
on M nontrivially and that P commutes with the G-action. Then the kernel and cokernel of P
are finite dimensional representations of G. The equivariant index of P is the character of the
virtual representation of G defined by
Ind(P, h) = Tr
[
h
∣∣
kerP
]− Tr [h∣∣
cokerP
]
, h ∈ G. (1.14)
P is said to be rigid for the G-action if Ind(P, h) does not depend on h ∈ G. Motivated by
physics, Witten conjectured that the operators ds⊗(Θ (TCM)⊗Θ1 (TCM)) and D⊗(Θ (TCM)⊗
Θ2 (TCM)) are rigid. The Witten conjecture was first proved by Taubes [56] and Bott-Taubes
[9]. In [41, 42], using the modular invariance property, Liu presented a simple and unified
proof as well as vast generalizations of the Witten conjecture. The rigidity theorems have been
generalized in [19, 21, 43, 44, 45, 46, 47, 48, 49] etc. to various situations. We will summarize
the basic properties of elliptic genera needed for the proof of Theorem 1.2 in Section 2.
Closely related to elliptic genera is the Witten genus
W (M) =
〈
Â(TM)ch (Θ (TCM)) , [M ]
〉
∈ Q[[q]].
When M is spin,
W (M) = Ind(D ⊗Θ(TCM)) ∈ Z[[q]].
Using Chern roots algorithm, one has
W (M) =
〈
2n∏
j=1
zj
(
θ′(0, τ)
θ(zj, τ)
)
, [M ]
〉
.
If M is a string manifold, i.e. 12p1(TM) = 0, or even weaker, if M is spin and the first rational
Pontryagin class of M vanishes, then W (M) is a modular form of weight 2n over SL(2,Z)
([64]). The homotopy theoretical refinement of the Witten genus on string manifolds leads
to the theory of topological modular form, the ”universal elliptic cohomology”, developed by
Hopkins and Miller [28]. The string condition is the orientability condition for this generalized
cohomology theory.
The Witten genus is an obstruction to simply connected Lie group actions on string mani-
folds. Actually it has been shown that a string manifold with a nontrivial S3-action has vanishing
Witten genus [41, 20]. Recently this vanishing theorem has been generalized to proper actions
of non compact Lie groups on non compact manifolds in [26].
The Witten genus is also conjectured to be an obstruction to positive Ricci curvature on
string manifolds. More precisely, the famous Stolz conjecture [55] says that if M is a smooth
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closed string manifold of dimension 4n and admits a Riemannian metric with positive Ricci
curvature, then the Witten genus W (M) vanishes. This conjecture can be viewed as the higher
version of the classical Lichnerowicz theorem [39]. So far the Stolz conjecture is still open.
Our Theorem 1.2 gives a relationship between Ricci curvature and the elliptic genera. The
following example shows that on a closed spin Riemannian manifold, without the curvature
assumptions in Theorem 1.2 or Corollary 1.3, even if the isometry group is infinite, the elliptic
genera do not necessarily vanish.
Example 2. Let M be a 4n dimensional smooth closed spin manifold. The famous Atiyah-
Hirzebruch vanishing theorem asserts that if M carries a nontrivial S1-action, then Aˆ(M) = 0
[2]. Let X = X(5; 2) be a smooth quadric hypersurface in CP5. This is a 8 dimensional closed
spin manifold carrying the linear SO(6) action and therefore a nontrivial S1-action, preserving
the Ka¨hler metric on X induced by the embedding X ⊂ CP 5. Hence Aˆ(X) = 0. We will show
that
∫
X Aˆ(TX)ch(TCX) 6= 0, which implies Ell2(X) 6= 0 by (1.6). Actually by the 8 dimensional
miraculous cancellation formula ([40]), one has
σ(X) = 24Aˆ(X)−
∫
X
Aˆ(TX)ch(TCX),
where σ(X) is the signature. Since Aˆ(X) = 0, we just need to show that σ(X) 6= 0. Let
x ∈ H2(CP5,Z) be the generator. Then by the Hirzebruch signature theorem and Poincare´
duality, one sees that
σ(X) =
〈( x
tanx
)6
tan(2x), [CP5]
〉
= Resx=0
(
tan 2x
(tanx)6
)
= 2.
We now discuss the main idea in the proof of Theorem 1.2. We prove it by contradiction. If
Theorem 1.2 is not true, given n ∈ N and positive numbers p, λ1, λ2 with p > 2n, then there is a
sequence of compact 4n-dimensional spin Riemannian manifolds (Mi, gi) with infinite isometry
groups and
−λ1 ≤ Ric(gi) ≤ 4n− 1
i
diam(gi) ≤ 1
1
V (gi)
∫
Mi
|ℜgi |pdVi ≤ λ2
Ell1(Mi) 6= 0 or Ell2(Mi) 6= 0.
By Theorem 2.1, we see Ell2(Mi) = 0 implies that Ell1(Mi) = 0. Hence we only deal with
the case Ell2(Mi) 6= 0. By Theorem 2.2, there exists some ki with 0 ≤ ki ≤
[
n
2
]
such that
Ind(Di ⊗Bki(TCMi)) 6= 0,
where Di is the Atiyah-Singer spin Dirac operator on Mi and Bki(TCMi) is an integral linear
combination of bundles of type
Si1(TCM)⊗ · · · ⊗ Sir(TCM)⊗ Λj1(TCM)⊗ · · · ⊗ Λjs(TCM),
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who are subbundles of tensor products of TCM of power at most ki. Denote the twisted operator
Di ⊗Bki(TCMi)) by Pi acting on Γ(S(TMi)⊗Bki(TCMi)), where S(TMi) is the spinor bundle
over Mi.
As the isometry group of (Mi, gi) is infinite, there is a nonzero Killing vector field Xi on Mi
generating an isometric S1 action on Mi. By passing to a cover of S
1, if necessary, we assume
that the S1 action preserves the spin structure of Mi. By Theorem 2.3, Pi is rigid. So we have
IndPi = Ind(Pi, 1) = Ind(Pi, λ), ∀λ ∈ S1. (1.15)
As the equivariant index Ind(Pi, λ) is a Laurent polynomial of λ and independent on λ ∈ S1,
one must have
IndPi = Ind(Pi, λ) =dim
(
kerPi ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
− dim
(
cokerPi ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
,
(1.16)
where Γ(S(TMi)⊗Bki(TCMi))S
1
consists of smooth sections of S(TMi)⊗Bki(TCMi) invariant
under the S1 action.
Consider the following Witten deformation of Pi:
P˜i = Pi +
√−1tic(Xi), (1.17)
where ti := (
V (gi)∫
Mi
|Xi|2dVi )
1/2 > 0 as Xi 6= 0. Clearly, P˜i is also S1-invariant, so we have
dim
(
kerPi ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
− dim
(
cokerPi ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
= dim
(
ker P˜i ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
− dim
(
cokerP˜i ∩ Γ(S(TMi)⊗Bki(TCMi))S
1
)
.
(1.18)
Since IndPi 6= 0 and P˜i is self adjoint, we see that there must exist some nonzero si ∈
Γ(S(TMi)⊗Bki(TCMi)) such that
P˜isi = 0,
LXisi = 0,
where LXisi is the Lie derivative of si in the direction Xi.
By Theorem 3.2, we have the following crucial inequality∫
Mi
t2i |Xi|2|si|2dVi ≤ C(n)
∫
Mi
ti|∇Xi||si|2dVi (1.19)
for some constant C(n) depending only on n.
As Ric(gi) ≤ 4n−1i , applying Bochner formula to Xi, we get∫
Mi
|∇Xi|2dVi ≤ 4n − 1
i
∫
Mi
|Xi|2dVi. (1.20)
To prove the desired vanishing theorem for elliptic genera from (1.19) and (1.20), we must get
around the difficulty that Xi might have zeros. We will prove a mean value inequality based on
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Moser iteration in section 4. Using this mean value inequality and a Poincare´-Sobolev inequality,
combined with (1.19) and (1.20), for sufficiently large i, we are able to show that∫
Mi
|si|2dVi ≤ 1
2
∫
Mi
|si|2dVi.
Hence si ≡ 0 for sufficiently large i. Contradiction.
Our method is influenced by the techniques in the classical papers [7, 51, 59] and combines
the modularity and rigidity of elliptic genera as well as the mean value inequality obtained in
Theorem 4.2.
We emphasize that the rigidity phenomenon of the Witten operators ds ⊗ (Θ (TCM) ⊗
Θ1 (TCM)), D ⊗ (Θ (TCM) ⊗ Θ2 (TCM)) is used in a crucial way in our proof of Theorem
1.2. For this reason, our method can not be used to prove a similar vanishing theorem for
Witten genus as the operator D ⊗Θ(TCM) is not rigid in general [41].
The paper is organized as follows. In section 2, we recall some basic facts about elliptic
genera. In section 3, we prove an integral formula. In section 4, we prove a mean value inequality.
Theorem 1.2 will be proved in section 5.
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2 Basic properties of elliptic genera
In this section, we recall some basic properties of elliptic genera. Let M be a 4n dimensional
compact spin manifold and Ell1(M), Ell2(M) be the elliptic genera. The following properties
of elliptic genera are essential to us.
Theorem 2.1. Ell1(M) and Ell2(M) are modularly related as
Ell1(M,−1/τ) = (2τ)2nEll2(M, τ). (2.1)
Proof. See page 119-120 in [27] and [40].
Theorem 2.2. (i) ∀k ≥ 0, the Bk(TCM) in the expansion (1.4) is a virtual bundle, which is an
integral linear combination of bundles of type
Si1(TCM)⊗ · · · ⊗ Sir(TCM)⊗ Λj1(TCM)⊗ · · · ⊗ Λjs(TCM),
who are subbundles of tensor products of TCM of power at most k;
(ii) Ell2(M) is determined by Ind(D ⊗Bk(TCM)), 0 ≤ k ≤
[
n
2
]
.
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Proof. The first statement can be simply observed from (1.1), (1.2) and (1.4).
The proof of second statement can be found in Section 8.2 in [27] and [40]. We repeat here
to show how the elliptic genus is determined by Bk(TCM) more explicitly.
Let
SL2(Z) :=
{(
a b
c d
)∣∣∣∣ a, b, c, d ∈ Z, ad− bc = 1}
as usual be the famous modular group. Let
S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
be the two generators of SL2(Z). Their actions on H are given by
S : τ → −1
τ
, T : τ → τ + 1.
Let
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ c ≡ 0 (mod 2)} ,
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ b ≡ 0 (mod 2)}
be the two modular subgroup of SL2(Z). It is known that the generators of Γ0(2) are T, ST
2ST ,
while the generators of Γ0(2) are STS, T 2STS (cf. [10]). It can be shown that Ell1(M) is a
modular form of weight 2n over Γ0(2) and Ell2(M) is a modular form of weight 2n over Γ
0(2)
(c.f. [40]).
If Γ is a modular subgroup, let MR(Γ) denote the ring of modular forms over Γ with real
Fourier coefficients. We introduce four explicit modular forms (cf. page 119 in [27]),
δ1(τ) =
1
4
+ 6
∞∑
n=1
∑
d|n
d odd
dqn, ε1(τ) =
1
16
+
∞∑
n=1
∑
d|n
(−1)dd3qn ,
δ2(τ) = −1
8
− 3
∞∑
n=1
∑
d|n
d odd
dqn/2, ε2(τ) =
∞∑
n=1
∑
d|n
n/d odd
d3qn/2 .
They have the following Fourier expansions in q1/2:
δ1(τ) =
1
4
+ 6q + 6q2 + · · · , ε1(τ) = 1
16
− q + 7q2 + · · · ,
δ2(τ) = −1
8
− 3q1/2 − 3q + · · · , ε2(τ) = q1/2 + 8q + · · · .
where the “· · · ” terms are the higher degree terms, all of which have integral coefficients. They
also satisfy the transformation laws,
δ2
(
−1
τ
)
= τ2δ1(τ), ε2
(
−1
τ
)
= τ4ε1(τ). (2.2)
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One has that δ1(τ) (resp. ε1(τ)) is a modular form of weight 2 (resp. 4) over Γ0(2), while
δ2(τ) (resp. ε2(τ)) is a modular form of weight 2 (resp. 4) over Γ
0(2), and moreoverMR(Γ0(2)) =
R[δ2(τ), ε2(τ)].
Therefore one can express Ell2(M) in terms of 8δ2(τ) and ε2(τ) as
Ell2(M) = h0(8δ2(τ))
n + h1(8δ2(τ))
n−2ε2(τ) + · · ·+ h[n
2
](8δ2(τ))
n¯ε2(τ)
[n
2
], (2.3)
where n¯ = 0 if n is even and n¯ = 1 if n is odd, and each hr, 0 ≤ r ≤ [n2 ], is an integer. They are
all indices of certain twisted Dirac operators on M . Write Θ (TCM)⊗Θ2 (TCM) as
Θ (TCM)⊗Θ2 (TCM) = B0(TCM) +B1(TCM)q
1
2 + · · · . (2.4)
The Bi’s carry canonically induced Hermitian metrics and connections from the Riemannian
metric and Levi-Civita connection on TM . Then
Ell2(M) = Ind(D ⊗B0(TCM)) + Ind(D ⊗B1(TCM))q
1
2 + · · · . (2.5)
Comparing the q-coefficients in (2.3) and (2.5) and noticing that that 8δ2(τ) starts from −1,
one sees that each hr is a canonical linear combination of Ind(D ⊗Bj(TCM)), 0 ≤ j ≤ r. So we
see that Ell2(M) is determined by Bk(TCM), 0 ≤ k ≤ [n2 ].
Theorem 2.3 (Witten-Bott-Taubes-Liu). The Witten operators
ds ⊗ (Θ (TCM)⊗Θ1 (TCM)), D ⊗ (Θ (TCM)⊗Θ2 (TCM))
are rigid.
Proof. See [9, 41, 42, 56].
3 Dirac bundles and an integral formula
In this section, we briefly review the Dirac bundles (c.f. page 114 in [37]) and then prove an
integral formula as well as an inequality, which will be needed in the proof of Theorem 1.2.
Let M be a compact Riemannian manifold of dimension m and ∇TM be the Levi-Civita
connection. Let Cl(M) be Clifford algebra bundle constructed from the the tangent bundle TM
and the Riemannian metric. ∇TM induces a connection on Cl(M), which we will still denote by
∇TM . Let E be a complex vector bundle of left module over Cl(M) (i..e. a vector bundle over
M such that at each point x ∈ M , the fiber Ex is a left module over the algebra Cl(M)x. E
together with a Hermitian metric gE and a compatible connection ∇E is called a Dirac bundle
if
(i) The Clifford multiplication by unit tangent vectors is unitary, i.e., for each x ∈M ,
〈c(e)s1, c(e)s2〉 = 〈s1, s2〉 (3.1)
for all s1, s2 ∈ Ex and unit vectors e ∈ TxM ; this is equivalent to
〈c(e)s1, s2〉+ 〈s1, c(e)s2〉 = 0 (3.2)
10
for all s1, s2 ∈ Ex and unit vectors e ∈ TxM ;
(ii) The connection ∇E is a module derivation, i.e.,
∇E(φ · s) = (∇TMφ) · s+ φ · (∇Es) (3.3)
for all φ ∈ Γ(Cl(M)) and all s ∈ Γ(E).
The Dirac operator on E is the first-order differential operator D : Γ(E)→ Γ(E) defined by
setting
Ds =
m∑
j=1
c(ej)∇Eejs (3.4)
at x ∈M , where e1, e2, · · · , em is a local orthonormal basis of TM . On Γ(E), there is an inner
product induced from the pointwise inner product by setting
(s1, s2) =
∫
M
〈s1, s2〉.
The Dirac operator is formally self-adjoint with respect to this inner product, i.e.,
(Ds1, s2) = (s1,Ds2) (3.5)
for any sections s1, s2.
Let X be a tangent vector field on M . Suppose s ∈ Γ(E) satisfies
(D +
√−1tc(X))s = 0
for some t ∈ R.
Then we have the following integral formula.
Theorem 3.1.
2
√−1
∫
M
t|c(X)s|2 =
∫
M
−2 〈∇EXs, s〉− m∑
i=1
〈c(∇TMei X)s, c(ei)s〉. (3.6)
Proof. Let U be a vector field on M defined by
U =
m∑
i=1
〈c(X)s, c(ei)s〉ei, (3.7)
where {ei} is a local orthonormal basis. Suppose at point p, we have ∇TMei ej = 0,∀i, j.
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Then at point p, we have
divU =
m∑
j=1
〈
∇TMej
(
m∑
i=1
〈c(X)s, c(ei)s〉ei
)
, ej
〉
=
m∑
i=1
〈∇Eei(c(X)s), c(ei)s〉+ m∑
i=1
〈
c(X)s,∇Eei(c(ei)s)
〉
=
m∑
i=1
〈
c(∇TMei X)s + c(X)∇Eeis, c(ei)s
〉
+
m∑
i=1
〈
c(X)s, c(ei)∇Eeis
〉
=
m∑
i=1
〈
c(∇TMei X)s, c(ei)s
〉
+
m∑
i=1
〈
c(X)∇Eeis, c(ei)s
〉
+ 〈c(X)s,Ds〉
=
m∑
i=1
〈
c(∇TMei X)s, c(ei)s
〉− m∑
i=1
〈
c(ei)c(X)∇Eeis, s
〉
+ 〈c(X)s,Ds〉
=
m∑
i=1
〈
c(∇TMei X)s, c(ei)s
〉
+
m∑
i=1
〈
(c(X)c(ei) + 2 〈ei,X〉)∇Eeis, s
〉
+ 〈c(X)s,Ds〉
=
m∑
i=1
〈
c(∇TMei X)s, c(ei)s
〉
+ 〈c(X)Ds, s〉 + 2 〈∇EXs, s〉+ 〈c(X)s,Ds〉 .
(3.8)
But since Ds = −√−1tc(X)s, we have
〈c(X)s,Ds〉 = √−1t|c(X)s|2 = √−1t|X|2|s|2; (3.9)
〈c(X)Ds, s〉 = −√−1 〈tc(X)c(X)s, s〉 = √−1t|X|2|s|2. (3.10)
The desired formula follows.
Now we apply the integral formula in Theorem 3.1 to the Dirac bundles S(TM)⊗Bk(TCM)), 0 ≤
k ≤ [n2 ], where S(TM) is the spinor bundle over a compact 4n dimensional spin manifold M
and Bk(TCM)) involves linear combinations of tensor product of TCM at most to power k. We
also assume that X is a Killing vector field generating an isometric S1 action on M . By passing
to a cover of S1, if necessary, we assume that the S1 action preserves the spin structure of M .
Let P = D ⊗ Bk(TCM)) be the Dirac operator acting on Γ(S(TM) ⊗ Bk(TCM))). Suppose
s ∈ Γ(S(TM)⊗Bk(TCM)) satisfies
(P +
√−1tc(X))s = 0
LXs = 0,
where t ∈ R and LXs is the Lie derivative of s in the direction X. Then we have the following
crucial inequality
Theorem 3.2. ∫
M
t2|X|2|s|2dV ≤ C(n)
∫
M
t|∇X||s|2dV, (3.11)
where C(n) is some constant depending only on n.
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Proof. By (1.24) in [59], we get
LX |S(TM) −∇S(TM)X = −
4n∑
j,k=1
1
4
〈
∇TMej X, ek
〉
c(ej)c(ek).
As ∇TM is torsion free, we have
LX −∇TMX = −∇TMX.
Since by Theorem 2.2, Bk(TCM) is an integral linear combination of bundles of type
Si1(TCM)⊗ · · · ⊗ Sir(TCM)⊗ Λj1(TCM)⊗ · · · ⊗ Λjs(TCM),
who are subbundles of tensor products of TCM of power at most k, 0 ≤ k ≤ [n2 ], we see that
〈∇Xs, s〉 − 〈LXs, s〉 ≤ C(n)|∇X||s|2
for some constant C(n) depending only on n. Then Theorem 3.2 is a direct consequence of
Theorem 3.1.
4 A mean value inequality
In this section we prove a mean inequality which will be needed in the proof of Theorem 1.2.
we firstly recall the following Poincare´-Sobolev inequality, see for example Theorem 2, page 386
and Theorem 3, page 397 in [6].
Theorem 4.1. Let (M,g) be a closed m-dimensional smooth Riemannian manifold such that
for some constant b > 0,
rmin(g)(diam(g))
2 ≥ −(m− 1)b2,
where diam(g) is the diameter of g, Ric(g) is the Ricci curvature of g and
rmin(g) = inf{Ric(g)(u, u) : u ∈ TM, g(u, u) = 1}.
Let R = diam(g)bC(b) , where C(b) is the unique positive root of the equation
x
∫ b
0
(cht+ xsht)m−1dt =
∫ π
0
sinm−1tdt.
Then for each 1 ≤ l1 ≤ ml2m−l2 , l1 <∞ and f ∈W 1,l2(M), we have
‖f − 1
V (g)
∫
M
fdV ‖l1 ≤ Sl1,l2‖∇f‖l2
‖f‖l1 ≤ Sl1,l2‖∇f‖l2 + V (g)1/l1−1/l2‖f‖l2 ,
where V (g) is the volume of (M,g), Sl1,l2 = (V (g)/vol(S
m(1))1/l1−1/l2RΣ(m, l1, l2) and Σ(m, l1, l2)
is the Sobolev constant of the canonical unit sphere Sm defined by
Σ(m, l1, l2) = sup{‖f‖l1/‖∇f‖l2 : f ∈W 1,l2(Sm), f 6= 0,
∫
Sm
f = 0}.
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As an application of Theorem 4.1, we get the following mean value inequality which is a
generalization of Theorem 3 in [6], pages 395-396. See also [38] pages 80-84.
Theorem 4.2. Let m ≥ 3 and (M,g) be a closed m-dimensional smooth Riemannian manifold
such that for some constant b > 0,
rmin(g)(diam(g))
2 ≥ −(m− 1)b2.
If f ∈W 1,2(M) is a nonnegative continuous functions such that f∆f ≥ −h1f2 − divY (here ∆
is a negative operator) in the sense of distribution for some nonnegative continuous function h1
and Y is a C1 vector field satisfying
|Y |(x) ≤ h2(x)f2(x),∀x ∈M
for some nonnegative continuous function h2, then
maxx∈M |f |2(x) ≤ C(m, p,R,Λ)
∫
M f
2dV
V (g)
,
where C(m, p,R,Λ) is some constant depending only on m, p,R = diam(g)bC(b) and
Λ =
∫
M h
pdV
V (g)
, p >
m
2
h = h1 + 2h
2
2.
Proof. The proof is a standard application of Moser iteration. For any k ≥ 1, multiply the
inequality f∆f ≥ −h1f2 − divY by f2k−2 and integrate. Then we get∫
M
f2k−1∆f ≥
∫
M
−h1f2k − divY f2k−2
=
∫
M
−h1f2k + 〈Y,∇f2k−2〉
=
∫
M
−h1f2k + (2k − 2)f2k−3〈Y,∇f〉
Hence
(2k − 1)
∫
M
f2k−2|∇f |2 ≤
∫
M
h1f
2k − (2k − 2)f2k−3〈Y,∇f〉
≤
∫
M
h1f
2k + (2k − 2)f2k−1h2|∇f |
≤
∫
M
h1f
2k + (2k − 2)h22f2k +
2k − 2
4
f2k−2|∇f |2.
Then
3k − 1
2
∫
M
f2k−2|∇f |2 ≤
∫
M
(h1 + (2k − 2)h22)f2k
And ∫
M
|∇fk|2 ≤ 2k
2
3k − 1
∫
M
(h1 + (2k − 2)h22)f2k
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≤ k2
∫
M
(h1 + 2h
2
2)f
2k.
So
‖∇fk‖2 ≤ (
∫
M
k2hf2k)
1
2 .
Applying Theorem 4.1 to fk, we get
‖fk‖ 2m
m−2
≤ S 2m
m−2
,2‖∇fk‖2 + V (g)−
1
m‖fk‖2. (4.1)
When p > m2 , by the Ho¨lder inequality, we have
k2
∫
M
hf2k ≤ k2A(
∫
M
(f2k)
p
p−1 )
p−1
p
≤ k2A(
∫
M
f2k)
µ(p−1)−p
p(µ−1) (
∫
M
f2kµ)
1
p(µ−1) , (4.2)
where A = (
∫
M h
p)
1
p , µ = mm−2 .
Define ǫ, δ, x by
ǫ =
µ(p− 1)− p
p(µ− 1)
(δǫ
1
1−ǫ (
1
ǫ
− 1)) 12 = 1
2S2µ,2
x = (k2A)
p(µ−1)
µ(p−1)−p (
∫
M
f2k)(
∫
M
f2kµ)−
1
µ .
Then 0 < ǫ < 1 as p > m2 . By Young inequality, we get
xǫ ≤ δ ǫ−1ǫ x+ δǫ 11−ǫ (1
ǫ
− 1).
Hence
k2A(
∫
M
f2k)
µ(p−1)−p
p(µ−1) (
∫
M
f2kµ)
p−µ(p−1)
pµ(µ−1)
≤ δ ǫ−1ǫ (k2A)
p(µ−1)
µ(p−1)−p (
∫
M
f2k)(
∫
M
f2kµ)−
1
µ + δǫ
1
1−ǫ (
1
ǫ
− 1).
Multiplying through by (
∫
M f
2kµ)
1
µ , combined with (4.2), we get
k2
∫
M
hf2k ≤ δ ǫ−1ǫ (k2A)
p(µ−1)
µ(p−1)−p
∫
M
f2k + δǫ
1
1−ǫ (
1
ǫ
− 1)(
∫
M
f2kµ)
1
µ .
Then
(k2
∫
M
hf2k)
1
2 ≤ δ ǫ−12ǫ (k2A) 12
p(µ−1)
µ(p−1)−p (
∫
M
f2k)
1
2 + (δǫ
1
1−ǫ (
1
ǫ
− 1)) 12 (
∫
M
f2kµ)
1
2µ . (4.3)
Combined with (4.1), we get
(
∫
M
f2kµ)
1
2µ ≤ S2µ,2(k2
∫
M
hf2k)
1
2 + V (g)−
1
m (
∫
M
f2k)
1
2
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≤ S2µ,2 δ
ǫ−1
2ǫ (k2A)
1
2
p(µ−1)
µ(p−1)−p (
∫
M
f2k)
1
2 + S2µ,2 (δǫ
1
1−ǫ (
1
ǫ
− 1)) 12 (
∫
M
f2kµ)
1
2µ + V (g)−
1
m (
∫
M
f2k)
1
2 .
As (δǫ
1
1−ǫ (1ǫ − 1))
1
2 = 12S2µ,2 , then δ = C(m, p)(
1
S2µ,2
)2 for some constant C(m, p) depending
only on m, p. Moreover, we have
(
∫
M
f2kµ)
1
2µ ≤ 2S2µ,2 δ
ǫ−1
2ǫ (k2A)
1
2
p(µ−1)
µ(p−1)−p (
∫
M
f2k)
1
2 + 2V (g)−
1
m (
∫
M
f2k)
1
2 .
Then
‖f‖2kµ ≤ (2S2µ,2 δ
ǫ−1
2ǫ (k2A)
1
2
p(µ−1)
µ(p−1)−p + 2V (g)−
1
m )
1
k ‖f‖2k.
By the choice of ǫ, we have
ǫ− 1
2ǫ
=
−µ
2(µ(p − 1)− p) .
As S2µ,2 = C(m)V (g)
− 1
mR for some constant C(m) depending only on m, then
‖f‖2kµ ≤ (C(m, p)(V (g)−
1
mR)
p(µ−1)
µ(p−1)−p (k2A)
1
2
p(µ−1)
µ(p−1)−p + 2V (g)−
1
m )
1
k ‖f‖2k
≤ B 1k k 1k
p(µ−1)
µ(p−1)−pV (g)−
1
mk ‖f‖2k, (4.4)
where
B = C(m, p)V (g)
1
m
−µ
µ(p−1)−pR
p(µ−1)
µ(p−1)−pA
1
2
p(µ−1)
µ(p−1)−p + 2 = C(m, p)Λ
1
2
µ−1
µ(p−1)−pR
p(µ−1)
µ(p−1)−p + 2.
Let k = µi, i = 0, 1, · · · . Since K1 =
∑
iµ−i and K2 =
∑
µ−i is finite, multiplying (4.4), we get
maxx∈M |f |2(x) ≤ C(m, p,R,Λ)
∫
M f
2dV
V (g)
,
C(m, p,R,Λ) = µ
2K1
p(µ−1)
µ(p−1)−pB2K2 .
5 Vanishing of elliptic genera
Now we are ready to prove Theorem 1.2. As discussed in the introduction, we prove it by
contradiction. If Theorem 1.2 is not true, given n ∈ N and positive numbers p, λ1, λ2 with
p > 2n, then there is a sequence of compact 4n-dimensional spin Riemannian manifolds (Mi, gi)
with infinite isometry groups and
−λ1 ≤ Ric(gi) ≤ 4n− 1
i
diam(gi) ≤ 1
1
V (gi)
∫
Mi
|ℜgi |pdVi ≤ λ2
Ell1(Mi) 6= 0 or Ell2(Mi) 6= 0.
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As discussed in the introduction, there must exists some nonzero si ∈ Γ(S(TMi)⊗Bki(TCMi))
such that
P˜isi = 0,
LXisi = 0,
where Xi is a nonzero Killing vector field Xi on Mi generating an isometric S
1 action on Mi
and
P˜i = Pi +
√−1tic(Xi),
ti = (
V (gi)∫
Mi
|Xi|2dVi )
1/2 > 0.
By Theorem 3.2, we have the following crucial inequality∫
Mi
t2i |Xi|2|si|2dVi ≤ C(n)
∫
Mi
ti|∇Xi||si|2dVi (5.1)
for some constant C(n) depending only on n.
Lemma 5.1. ∫
Mi
t2i |Xi|2|si|2dVi ≤
C(n)√
i
|si|∞(
∫
Mi
t2i |Xi|2dVi)
1
2 (
∫
Mi
|si|2dVi)
1
2
where |si|∞ = maxx∈Mi |si|(x) and C(n) is some constant depending only on n.
Proof. As Ric(gi) ≤ 4n−1i , applying Bochner formula to Xi [53], we get
1
2
∆|Xi|2 = |∇Xi|2 −Ric(gi)(Xi,Xi) ≥ |∇Xi|2 − 4n − 1
i
|Xi|2, (5.2)
where ∆ is the Laplacian acting on functions which is a negative operator. Then∫
Mn
|∇Xi|2dVi ≤ 4n − 1
i
∫
Mn
|Xi|2dVi. (5.3)
Combining (5.1) and (5.3), we get∫
Mi
t2i |Xi|2|si|2dVi ≤ C(n)
∫
Mi
ti|∇Xi||si|2dVi
≤ C(n)(
∫
Mi
t2i |∇Xi|2dVi)
1
2 (
∫
Mi
|si|4dVi)
1
2
≤ C(n)√
i
|si|∞(
∫
Mi
t2i |Xi|2dVi)
1
2 (
∫
Mi
|si|2dVi)
1
2 , (5.4)
where |si|∞ = maxx∈Mi |si|(x).
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Lemma 5.2. Under the curvature assumptions in Theorem 1.2, we have
|Xi|2∞ =: maxx∈Mi |Xi|2(x) ≤ C1(n,Ri)
∫
Mi
|Xi|2dVi
V (gi)
, (5.5)
|si|2∞ =: maxx∈Mi |si|2(x) ≤ C2(n, p,Ri, λ2)
∫
Mi
|si|2dVi
V (gi)
, (5.6)
where C1(n,Ri), C2(n, p,Ri, λ2) are two constants depending only on n,Ri and n, p,Ri, λ2, re-
spectively. Moreover, Ri =
diam(gi)√
λ1/(4n−1)C(
√
λ1/(4n−1))
as defined in Theorem 4.1.
Remark 5.3. If we think of C1(n,Ri) as a function of Ri, then it is in fact a monotone
increasing function of Ri. Similarly C2(n, p,Ri, λ2) is a monotone increasing function of Ri, λ2.
Proof. Since Xi is a Killing vector field and Ric(gi) ≤ 4n−1i , applying Bochner formula to Xi,
we get
1
2
∆|Xi|2 = |∇Xi|2 −Ric(gi)(Xi,Xi) ≥ |∇Xi|2 − 4n − 1
i
|Xi|2, (5.7)
where ∆ is the Laplacian acting on functions which is a negative operator. On the other hand,
by Kato’s inequality [6], we have |∇Xi| ≥ |∇|Xi||. It follows that
|Xi|∆|Xi| ≥ −4n− 1
i
|Xi|2. (5.8)
Since Ric(gi) ≥ −λ1, diam(gi) ≤ 1, we have
rmin(gi)diam
2(gi) ≥ −λ1.
Applying Theorem 4.2 to |Xi|, we get
|Xi|2∞ =: maxx∈Mi |Xi|2(x) ≤ C1(n,Ri)
∫
Mi
|Xi|2dVi
V (gi)
, (5.9)
where Ri =
diam(gi)√
λ1/(4n−1)C(
√
λ1/(4n−1))
and C1(n,Ri) is some constant depending only on n,Ri. If
we think of C1(n,Ri) as a function of Ri, from the proof of Theorem 4.2, then it is in fact a
monotone increasing function of Ri.
Applying the Bochner formula to si, we get
1
2
∆|si|2 = |∇si|2 − 〈P 2i si, si〉+ 〈Ψisi, si〉, (5.10)
where Ψi is a symmetric endomorphism of the bundle S(TMi)⊗Bki(TCMi) (c.f pages 210-211
in [53] and pages 164-165 in [37]). By Theorem 2.2, Bki(TCMi) is an integral linear combination
of bundles of type
Si1(TCM)⊗ · · · ⊗ Sir(TCM)⊗ Λj1(TCM)⊗ · · · ⊗ Λjs(TCM),
who are subbundles of tensor products of TCM of at most power ki and 0 ≤ ki ≤
[
n
2
]
, then we
get
〈Ψisi, si〉 ≥ −C(n)|ℜgi||si|2
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for some constant C(n) depending only n.
Define a vector field Yi by the condition
〈Yi,W 〉 = −〈Pisi, c(W )si〉.
Then by the proof of Proposition 5.3 in pages 114-115, [37], we get
〈P 2i si, si〉 = 〈Pisi, Pisi〉+ divYi.
As Pisi +
√−1tic(Xi)si = 0, then we have
1
2
∆|si|2 ≥ |∇si|2 − 〈Pisi, Pisi〉 − divYi − C(n)|ℜgi||si|2
= |∇si|2 − |tiXi|2|si|2 − divYi − C(n)|ℜgi ||si|2.
For any x ∈Mi, by the choice of ti, we have
|tiXi|2(x) ≤ t2i |Xi|2∞ ≤ t2iC1(n,Ri)
∫
Mi
|Xi|2dVi
V (gi)
= C1(n,Ri).
Hence we get
1
2
∆|si|2 ≥ |∇si|2 − (C1(n,Ri) +C(n)|ℜgi |)|si|2 − divYi (5.11)
By Kato’s inequality, we have |∇si| ≥ |∇|si||. It follows that
|si|∆|si| ≥ −(C1(n,Ri) + C(n)|ℜgi |)|si|2 − divYi (5.12)
By the definition of Yi, we get
|Yi| ≤ ti|Xi||si|2 ≤ C1(n,Ri)
1
2 |si|2.
Applying Theorem 4.2 to |si|, we get
|si|2∞ =: maxx∈Mi |si|2(x) ≤ C2(n, p,Ri, λ2)
∫
Mi
|si|2dVi
V (gi)
for some constant C2(n, p,Ri, λ2) depending only on n, p,Ri, λ2. If we think of C2(n, p,Ri, λ2)
as a function of Ri, λ2, from the proof of Theorem 4.2, then it is a monotone increasing function
of Ri, λ2.
Lemma 5.4.∫
Mi
|Xi|2dVi
V (gi)
∫
Mi
|si|2dVi ≤
∫
Mi
|Xi|2|si|2dVi + C(n,Ri)|si|
2∞√
i
∫
Mi
|Xi|2dVi (5.13)
for some constant C(n,Ri) depending only n,Ri.
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Proof. Let hi = |Xi|2 and hi =
∫
Mi
|Xi|2dVi
V (gi)
. By Theorem 4.1, we get∫
Mi
|hi − hi||si|2dVi ≤ |si|2∞(
∫
Mi
|hi − hi|2dVi)
1
2 (V (gi))
1
2
≤ C(n)|si|2∞Ri(
∫
Mi
|∇hi|2dVi)
1
2 (V (gi))
1
2
= 2C(n)|si|2∞Ri(
∫
Mi
|Xi|2|∇|Xi||2|dVi)
1
2 (V (gi))
1
2
≤ 2C(n)|si|2∞Ri(
∫
Mi
|Xi|2|∇Xi|2dVi)
1
2 (V (gi))
1
2
≤ 2C(n)|si|2∞Ri|Xi|∞(V (gi))
1
2 (
∫
Mi
|∇Xi|2dVi)
1
2
≤ C(n,Ri)|si|
2∞√
i
∫
Mi
|Xi|2dVi
It follows that∫
Mi
|Xi|2dVi
V (gi)
∫
Mi
|si|2dVi ≤
∫
Mi
|Xi|2|si|2dVi + C(n,Ri)|si|
2∞√
i
∫
Mi
|Xi|2dVi.
Combining Lemma 5.1, 5.2 and 5.4, we get∫
Mi
t2i |Xi|2dVi
V (gi)
∫
Mi
|si|2dVi ≤
∫
Mi
t2i |Xi|2|si|2dVi +
C(n,Ri)|si|2∞√
i
∫
Mi
t2i |Xi|2dVi
≤ C(n)√
i
|si|∞(
∫
Mi
t2i |Xi|2dVi)
1
2 (
∫
Mi
|si|2dVi)
1
2 +
C(n,Ri)|si|2∞√
i
∫
Mi
t2i |Xi|2dVi
≤ C(n, p,Ri, λ2)√
i
(
∫
Mi
t2i |Xi|2dVi
V (gi)
)
1
2
∫
Mi
|si|2dVi + C(n, p,Ri, λ2)√
i
∫
Mi
t2i |Xi|2dVi
V (gi)
∫
Mi
|si|2dVi
As ti = (
V (gi)∫
Mn
|Xi|2dVi )
1/2, we see ∫
Mi
t2i |Xi|2dVi
V (gi)
= 1. (5.14)
Since diam(gi) ≤ 1, we see that Ri ≤ 1√
λ1/(4n−1)C(
√
λ1/(4n−1))
. Then we see that for sufficiently
large i, ∫
Mi
|si|2dVi ≤ 1
2
∫
Mi
|si|2dVi.
Hence si ≡ 0 for sufficiently large i, contradiction.
20
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